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ON AMENABILITY AND GROUPS OF MEASURABLE MAPS
VLADIMIR G. PESTOV AND FRIEDRICH MARTIN SCHNEIDER
Abstract. We show that if G is an amenable topological group, then the
topological group L0(G) of strongly measurable maps from ([0, 1], λ) into G
endowed with the topology of convergence in measure is whirly amenable,
hence extremely amenable. Conversely, we prove that a topological group G
is amenable if L0(G) is.
1. Introduction
In this note we study measurable maps taking values in topological groups. Let us
recall that a map f : X → Y from a compact Hausdorff space X carrying a regular
Borel probability measure µ into a topological space Y is strongly µ-measurable1
if, for every ε > 0, there exists a closed subset A ⊆ X with µ(X \ A) ≤ ε such
that f |A : A → Y is continuous. Evidently, if f is strongly µ-measurable, then it
is µ-measurable, in the sense that f−1(B) is µ-measurable for every Borel B ⊆ G.
In case Y is metrizable [Fre81, Theorem 2B], the map f is strongly µ-measurable
if and only if f is µ-measurable.
Let G be a topological group. Considering the Lebesgue measure λ on the
real interval [0, 1], we define L0(G) to be the set of all λ-equivalence classes of
strongly λ-measurable maps from [0, 1] into G. Equipping L0(G) with the group
structure inherited from G and the topology of convergence in measure, we obtain
a topological group. We refer to Section 4 for more details on L0(G).
The aim of this note is to prove the following, thus answering a question raised
in [GP07].
Theorem 1.1. Let G be a topological group. The following are equivalent.
(1) G is amenable.
(2) L0(G) is amenable.
(3) L0(G) is extremely amenable.
(4) L0(G) is whirly amenable.
In particular, Theorem 1.1 provides a source of extremely amenable groups. The
historically initial example, of a group with no nontrivial unitary representations,
hence extremely amenable (since it is also amenable), was obtained by Herer and
Christensen [HC75], as a group of measurable functions with values in the circle,
however with a pathological submeasure in place of the Lebesgue measure.
For G the circle group, the extreme amenability of L0(G) (relative to the Le-
besgue measure) was proved by Glasner, although only published many years
later [Gla98], and, as mentioned in the article, at the same time and independently
Date: August 29, 2017.
1Alternative terms used in the literature are µ-measurable in the sense of Bourbaki [Gaa73, p. 357],
Lusin µ-measurable [Sch73], or µ-almost continuous [Fre81].
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it was proved by Furstenberg and Benjy Weiss, unpublished. (Of course, this group
has plenty of unitary representations, recently classified by Solecki [Sol14].) The
result was later generalized to amenable locally compact groups G [Pes02, Pes10].
The proof of Theorem 1.1 (see Section 4) combines a recent result from [ST16]
with a measure concentration argument. The application of measure concentration
phenomena for proving extreme amenability was initiated by Gromov and Mil-
man [GM83]. We note that for non-atomic submeasures the concentration technique
cannot be used, because there is in general no concentration, so special combinator-
ial techniques must be applied instead, see Farah-Solecki [FS08] and Sabok [Sab12],
and the open questions therein. It would be interesting to see if the amenability
criterion from [ST16] can be used to extend these combinatorial techniques to all
amenable topological groups.
2. Preliminaries
In this section we fix some notation and briefly review some basic facts concerning
uniform spaces, topological groups, and amenability.
2.1. Notation. Let us make some initial remarks about notation. Let X be a set.
As usual, we will denote by ℓ∞(X) the Banach space of all bounded real-valued
functions on X equipped with the supremum norm
‖f‖∞ := sup{|f(x)| | x ∈ X} (f ∈ ℓ
∞(X)).
We denote by Pr(X) the set of all probability measures on X and by Prfin(X) the
set of all finitely supported probability measures on X . If X is a topological space,
then we will denote by PrB(X) the set of all Borel probability measures on X .
2.2. UEB topology. Let X be a uniform space. We consider the Banach space
UCb(X) of all bounded uniformly continuous real-valued functions on X endowed
with the supremum norm. A subsetH ⊆ UCb(X) is calledUEB (short for uniformly
equicontinuous bounded) if H is uniformly equicontinuous and ‖ ·‖∞-bounded. The
set UEB(X) of all UEB subsets of UCb(X) constitutes a convex vector bornology
on the vector space UCb(X). The UEB topology on the continuous dual UCb(X)
′ is
defined as the topology of uniform convergence on UEB subsets of UCb(X). This is
a locally convex linear topology on the vector space UCb(X)
′ containing the weak*-
topology, i.e., the initial topology generated by the maps UCb(X)
′ → R, µ 7→ µ(f)
where f ∈ UCb(X). A description of the UEB topology in terms of semi-norms
emerging from compatible pseudo-metrics on X can be found in [ST16, Section 2].
We note that the real vector space RX over the base set X equipped with the
UEB topology inherited from UCb(X)
′ via the natural embedding is related to the
free locally convex real topological vector space over the uniform space X [Ra˘ı64],
although the two spaces are different already for X = R; rather, the space RX has
a similar universal property with regard to continuous linear maps with bounded
image. For more details on the UEB topology we refer to [Pac13, NPS15, PS17].
2.3. Topological groups. Let G be a topological group. Let U (G) denote the
neighborhood filter of the neutral element in G and let Uo(G) be the set of all
open sets in U (G). Let us endow G with its right uniformity defined by the basic
entourages of the form{
(x, y) ∈ G×G
∣∣ xy−1 ∈ U} (U ∈ U (G)).
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Referring to this uniform structure, we denote by RUCb(G) the space of all bounded
uniformly continuous real-valued function on G and by RUEB(G) the set of all UEB
subsets of RUCb(G). For g ∈ G, let λg : G → G, x 7→ gx. Recall that G is said to
be amenable if RUCb(G) admits a left-invariant mean, i.e., a positive linear map
µ : RUCb(G) → R such that µ(1) = 1 and µ(f ◦ λg) = µ(f) for all f ∈ RUCb(G)
and g ∈ G. By a well-known result of Rickert [Ric67, Theorem 4.2], G is amenable
if and only if every continuous action of G by affine homeomorphisms on a non-void
compact convex subset of a locally convex topological vector space admits a fixed
point. We will need the following characterization of amenability in terms of almost
invariant finitely supported probability measures from [ST16].
Theorem 2.1 ([ST16], Theorem 3.2). A topological group G is amenable if and
only if, for every ε > 0, every H ∈ RUEB(G) and every finite subset E ⊆ G, there
exists a finitely supported probability measure µ on G such that
∀g ∈ E : supf∈H |Eµ(f)− Eµ(f ◦ λg)| ≤ ε.
Let us recall that a topological group G is extremely amenable if every compact
G-space has a fixed point. The following definition of a stronger concept is taken
from [Pes10], but has its origins in [GTW05, GW05].
Definition 2.2. A topological group G is called whirly amenable if
• G is amenable, and
• every invariant regular Borel probability measure on a compact G-space is
supported on the set of fixed points.
Clearly, any whirly amenable topological group is extremely amenable. The con-
verse is not true: Aut(Q, <) endowed with the topology of point-wise convergence
is extremely amenable [Pes98], but not whirly amenable [GTW05, Remark 1.3].
3. Le´vy families and concentration of measure
In this section we recall some results concerning the concentration of meas-
ure [Le´v22, Mil67, MS86]. The measure concentration phenomenon was linked to
extreme amenability by Gromov and Milman [GM83]. We will largely follow the
presentation of [Pes02, Pes06, GP07, Pes10] and start off with some generalities
on Le´vy families of metric spaces with measures. For more details on measure
concentration we refer to [Led01].
Definition 3.1. Let X = (X, d, µ) be an mm-space, i.e., (X, d) is a metric space
and µ is a Borel probability measure on (X, d). The concentration function of X ,
αX : [0,∞)→ [0, 1/2], is defined by
αX (ε) :=
{
1/2 if ε = 0,
1− inf{µ(Bd(A, ε)) | A ⊆ X Borel, µ(A) ≥ 1/2} otherwise.
A net (Xi, di, µi)i∈I of mm-spaces is said to concentrate or to be a Le´vy family if,
for every family of Borel subsets Ai ⊆ Xi (i ∈ I) with lim inf i∈I µi(Ai) > 0, one
has limi∈I µi(Bdi(Ai, ε)) = 1 for any ε > 0.
Remark 3.2 ([GM83]). A net Xi = (Xi, di, µi) (i ∈ I) of mm-spaces is a Le´vy
family if and only if limi∈I αXi(ε) = 0 for every ε > 0.
We will need the following important example of Le´vy families in the final section.
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Example 3.3. Let (X,µ) be a discrete probability space. For an integer n ≥ 1, we
obtain an mm-space YX,µ,n := (X
n, µ⊗n, dn) by equipping X
n with the product
measure µ⊗n and the normalized Hamming distance given by
dn(x, y) :=
|{i ∈ {1, . . . , n} | xi 6= yi}|
n
(x, y ∈ Xn).
Then
αYX,µ,n(ε) ≤ 2 exp(−ε
2n)
for all ε ≥ 0 (see [Tal95, Proposition 2.1.1] and [Sch82, MS86] for finite X). In view
of Remark 3.2 it follows that, if (Xi, µi)i∈I is a net of discrete probability spaces and
(ni)i∈I a corresponding net of positive integers with ni → ∞, then (YXi,µi,ni)i∈I
is a Le´vy family.
Now we turn our attention towards measure concentration in uniform spaces and
consequences for UEB sets of functions.
Definition 3.4. Let X be a uniform space. For an entourage U in X , let
U [A] := {y ∈ X | ∃x ∈ A : (x, y) ∈ U} (A ⊆ X).
A net (µi)i∈I of Borel probability measures on X is said to concentrate in X if,
whenever (Ai)i∈I is a family of Borel subsets of X with lim infi∈I µi(Ai) > 0, one
has
limi∈I µi(U [Ai]) = 1
for every open entourage U in X .
Remark 3.5 (see [GM83], 2.1; [Pes02], Lemma 2.7). Let (Xi, di, µi)i∈I be a Le´vy
family of mm-spaces, let Y be a uniform space, and let fi : Xi → Y for each i ∈ I.
If the family (fi)i∈I is uniformly equicontinuous, i.e., for every entourage U of Y
there exists ε > 0 such that
∀i ∈ I ∀x, y ∈ Xi : di(x, y) ≤ ε =⇒ (fi(x), fi(y)) ∈ U,
then the net ((fi)∗(µi))i∈I of push-forward measures concentrates in X .
Let us recall that every measurable real-valued function f : X → R on a probab-
ility measure space (X,B, µ) admits a (not necessarily unique) median, i.e., a real
number m ∈ R with
µ({x ∈ X | f(x) ≥ m}) ≥ 12 ≤ µ({x ∈ X | f(x) ≤ m}).
We will need the following well-known fact.
Lemma 3.6 ([GM83], 2.5). Let X be a uniform space. Let (µi)i∈I be net of Borel
probability measures on X, concentrating in X. Let H ∈ UEB(X). For each pair
(i, f) ∈ I×H, let mi(f) be a median of f with respect to µi. Then, for every ε > 0,
supf∈H µi({x ∈ X | |f(x)−mi(f)| > ε})→ 0.
In particular, supf∈H |Eµi(f)−mi(f)| → 0.
Proof. Let ε > 0. Since H ∈ UEB(X), there exists a symmetric open entourage U
in X such that |f(x)− f(y)| ≤ ε whenever f ∈ H and (x, y) ∈ U . For every f ∈ H ,
we conclude that U [Ai(f)] ⊆ Bi(f) and U [A′i(f)] ⊆ B
′
i(f) where
Ai(f) := {x ∈ X | f(x) ≤ mi(f)}, Bi(f) := {x ∈ X | f(x) ≤ mi(f) + ε},
A′i(f) := {x ∈ X | f(x) ≥ mi(f)}, B
′
i(f) := {x ∈ X | f(x) ≥ mi(f)− ε}.
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Hence, U [Ai(f)] ∩ U [A′i(f)] ⊆ Bi(f) ∩B
′
i(f) for all f ∈ H . We need to show that
supf∈H µi(X \ (Bi(f) ∩B
′
i(f)))→ 0.
Let δ > 0. For each pair (i, f) ∈ I ×H , our hypothesis on mi(f) asserts that
min{µi(Ai(f)), µi(A
′
i(f))} ≥
1
2 .
Since (µi)i∈I concentrates in X , we thus find some i0 ∈ I such that
∀i ∈ I, i ≥ i0 ∀f ∈ H : min{µi(U [Ai(f)]), µi(U [A
′
i(f)])} ≥ 1−
δ
2 .
Consequently, if i ∈ I with i ≥ i0, then
µi(Bi(f) ∩B
′
i(f)) ≥ µi(U [Ai(f)] ∩ U [A
′
i(f)]) ≥ 1− δ
for every f ∈ H , which means that supf∈H µi(X \(Bi(f)∩B
′
i(f))) ≤ δ. This proves
the first assertion of the lemma.
To deduce the second statement, consider any ε > 0. For (i, f) ∈ I × H , let
Di(f) :=
{
x ∈ X
∣∣ |f(x)−mi(f)| > ε2} . By the above, there is i0 ∈ I such that
∀i ∈ I, i ≥ i0 : µi(Di(f)) ≤
ε
4
(
supf∈H ‖f‖∞ + 1
) .
Now, if i ∈ I with i ≥ i0, then
|Eµi(f)−mi(f)| ≤
∫
X
|f(x)−mi(f)| dµi(x)
≤
∫
X\Di(f)
|f(x)−mi(f)| dµi(x) +
∫
Di(f)
|f(x) −mi(f)| dµi(x)
≤ ε2 + 2‖f‖∞µi(Di(f)) ≤
ε
2 +
ε
2 = ε
for every f ∈ H , i.e., supf∈H |Eµi(f)−mi(f)| ≤ ε. This shows that
supf∈H |Eµi(f)−mi(f)| → 0. 
Corollary 3.7. Let X be a uniform space and let (µi)i∈I be a net of Borel probab-
ility measures on X, concentrating in X. Let H ∈ UEB(X) and ε > 0. Then
supf∈H µi({x ∈ X | |f(x)− Eµi(f)| > ε})→ 0.
Proof. For each pair (i, f) ∈ I ×H , let mi(f) be a median of f with respect to µi.
Let ε, δ > 0. We need to show that supf∈H µi({x ∈ X | |f(x) − Eµi(f)| > ε}) ≤ δ.
By Lemma 3.6, there exists i0 ∈ I such that, for every i ∈ I with i ≥ i0, both
supf∈H µi
({
x ∈ X
∣∣|f(x)−mi(f)| > ε2}) ≤ δ
and supf∈H |Eµi (f)−mi(f)| ≤
ε
2 . Hence, if i ∈ I with i ≥ i0, then
µi({x ∈ X | |f(x)− Eµi(f)| > ε}) ≤ µi
({
x ∈ X
∣∣ |f(x)−mi(f)| > ε2}) ≤ δ
for all f ∈ H , as desired. 
Utilizing the corollary above, we obtain a sufficient criterion for whirly amenab-
ility of topological groups in terms of measure concentration. Let us agree on some
additional terminology.
Definition 3.8. Let G be a topological group. A net (µi)i∈I of Borel probability
measures on G is said to converge to invariance in the UEB topology (over G) if
supf∈H |Eµi(f)− Eµi (f ◦ λg)| → 0
for all H ∈ RUEB(G) and g ∈ G.
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The following result for Polish groups was proven in [Pes10, Theorem 5.7]. We
include a full proof of this slight generalization for the sake of convenience.
Theorem 3.9 ([Pes10], Theorem 5.7). Let G be a topological group. If there exists
a net (µi)i∈I of Borel probability measures on G such that
(1) (µi)i∈I concentrates in G,
(2) (µi)i∈I converges to invariance in the UEB topology,
then G is whirly amenable.
Proof. Let (µi)i∈I be a net as above. Then Theorem 2.1 asserts that G is amenable:
note that the implication (⇐=) in Theorem 2.1 is valid even without the measures
(µi)i∈I being finitely supported. To see that G is actually whirly amenable, we will
follow the lines of [Pes10, Proof of Theorem 5.7]. Consider a compact G-space X
and let µ by a G-invariant regular Borel probability measure on X . We want to
show that µ is supported on the set of G-fixed points. By a standard application
of Urysohn’s lemma, it suffices to prove that
∀g ∈ G∀f ∈ C(X, [0, 1]) :
∫
|f(x)− f(gx)| dµ(x) = 0.
Let f ∈ C(X, [0, 1]), g ∈ G and ε > 0. For x ∈ X , let fx : G → [0, 1], h 7→ f(hx).
We observe that {fx | x ∈ X} ∈ RUEB(G). To see this, let δ > 0. Since the map
G×X → R, (g, x) 7→ f(gx) is continuous, for each x ∈ X we find Ux ∈ U (G) and an
open neighborhood Vx of x inX such that diam f(UxVx) ≤ δ. By compactness ofX ,
there exist U1, . . . , Un ∈ U (G) and open sets V1, . . . , Vn ⊆ X such that
⋃n
i=1 Vi = X
and diam f(UiVi) ≤ δ for each i ∈ {1, . . . , n}. Of course, U :=
⋂n
i=1 Ui ∈ U (G).
Moreover, if g, h ∈ G and gh−1 ∈ U , then
|fx(g)− fx(h)| = |f((gh
−1)(hx)) − f(hx)| ≤ δ
for all x ∈ X , which shows that {fx | x ∈ X} indeed belongs to RUEB(G). Hence,
by (2), there exists some i0 ∈ I such that, for all i ∈ I with i ≥ i0,
supx∈X |Eµi(fx)− Eµi(fx ◦ λg)| ≤
ε
5 .
Furthermore, since both {fx | x ∈ X} and {fx ◦ λg | x ∈ X} belong to RUEB(G),
we may apply (1) and Corollary 3.7 find some i1 ∈ I with i1 ≥ i0 such that, for all
i ∈ I with i ≥ i1, we have
supx∈X µi
({
h ∈ G
∣∣ |fx(h)− Eµi(fx)| > ε5}) ≤ ε5
as well as
supx∈X µi
({
h ∈ G
∣∣ |fx(gh)− Eµi(fx ◦ λg)| > ε5}) ≤ ε5 .
From the assertions above, we deduce that∫
|f(hx)− f(ghx)| dµi(h)
≤
∫
|fx(h)− Eµi(fx)| dµi(h) +
ε
5 +
∫
|Eµi(fx ◦ λg)− fx(gh)| dµi(h)
≤ 2ε5 +
ε
5 +
2ε
5 = ε
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for all x ∈ X and i ∈ I, i ≥ i1. Thus, by G-invariance of µ and Fubini’s theorem,∫
|f(x)− f(gx)| dµ(x) =
∫ ∫
|f(hx)− f(ghx)| dµ(x) dµi1 (h)
=
∫ ∫
|f(hx)− f(ghx)| dµi1(h) dµ(x) ≤ ε.
This completes the argument. 
4. Proving Theorem 1.1
In this section we shall prove Theorem 1.1. Let G be a topological group. As
stated in the introduction, we endow L0(G) with the topology of convergence in
measure. More explicitly, the sets of the form
N(U, ε) := {f ∈ L0(G) | λ({x ∈ [0, 1] | f(x) /∈ U}) < ε} (U ∈ Uo(G), ε > 0)
constitute a neighborhood basis of the neutral element in L0(G). Given a natural
number n ≥ 1, let us define hn : G
n → L0(G) by setting
hn(g)|[(i−1)/n,i/n) ≡ gi (i ∈ {1, . . . , n})
for every g ∈ Gn. Of course, hn is an embedding of the topological group Gn into
L0(G) for every n ≥ 1. Moreover, we note the following fact.
Lemma 4.1. Let G be a topological group. Let f ∈ L0(G) and U ∈ U (L0(G)).
Then there exist a finite subset E ⊆ G and m ∈ N such that
∀n ∈ N, n ≥ m : f ∈ Uhn(E
n).
Proof. Let V ∈ Uo(G) and ε > 0 with N(V, ε) ⊆ U . As f is strongly λ-measurable,
there is a closed subset C ⊆ [0, 1] such that λ([0, 1] \C) < ε and f |C is continuous.
Since C is compact, f(C) is a compact subset of G, and f |C : C → G is uniformly
continuous. Choose W ∈ U (G) such that W 2 ⊆ V . Due to f(C) being compact,
there exists a finite subset E ⊆ G with f(C) ⊆ WE and e ∈ E. By uniform
continuity of f |C , there furthermore exists a natural number m ≥ 1 such that
∀x, y ∈ C : |x− y| ≤ 1m =⇒ f(x)f(y)
−1 ∈W.
We claim that the pair (E,m) is as desired. To see this, let n ∈ N, n ≥ m. Put
I :=
{
i ∈ {1, . . . , n}
∣∣ [ i−1
n ,
i
n
)
∩ C 6= ∅
}
.
For each i ∈ I, pick some element xi ∈
[
i−1
n ,
i
n
)
∩ C and then choose any gi ∈ E
with f(xi) ∈ Wgi. Extend (gi)i∈I to a tuple g ∈ En by setting gi := e for each
i ∈ {1, . . . , n} \ I. We claim that f ∈ Uhn(g). For each x ∈ C \ {1}, there exists
some i ∈ {1, . . . , n} with x ∈
[
i−1
n ,
i
n
)
, which implies that i ∈ I and thus
f(x) ∈Wf(xi) ⊆WWgi ⊆ V gi = V hn(g)(x).
This shows that
B :=
{
x ∈ [0, 1]
∣∣f(x)hn(g)(x)−1 /∈ V } ⊆ [0, 1] \ C.
Therefore, λ(B) ≤ λ([0, 1] \ C) < ε and so fhn(g)−1 ∈ N(V, ε) ⊆ Uhn(g). 
Corollary 4.2. Let G be a topological group. Then L0(G) =
⋃
{hn(Gn) | n ≥ 1}.
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Furthermore, we will need the subsequent simple observation about UEB sets.
Let G be a topological group. For n ∈ N \ {0}, i ∈ {1, . . . , n} and a ∈ Gn−1, let
ci,a : G→ G
n, x 7→ (a1, . . . , ai−1, x, ai, . . . , an−1).
Moreover, for a subset H ⊆ RUCb(L
0(G)), let
[H ] :=
{
f ◦ hn ◦ ci,a
∣∣ f ∈ H, n ∈ N \ {0}, i ∈ {1, . . . , n}, a ∈ Gn−1} .
The following is an immediate consequence of the definitions.
Lemma 4.3. Let G be a topological group. Then
∀H ∈ RUEB(L0(G)) : [H ] ∈ RUEB(G).
Proof. Let H ∈ RUEB(L0(G)). Evidently, [H ] is norm-bounded as H is. To prove
uniform equicontinuity, let ε > 0. SinceH ∈ RUEB(L0(G)), there is U ∈ U (L0(G))
such that |f(x)− f(y)| ≤ ε for all f ∈ H and x, y ∈ L0(G) with xy−1 ∈ U . Fix any
V ∈ Uo(G) and δ > 0 so that N(V, δ) ⊆ U . We claim that |f ′(x)−f ′(y)| ≤ ε for all
f ′ ∈ [H ] and x, y ∈ G with xy−1 ∈ V . Let n ∈ N \ {0}, i ∈ {1, . . . , n}, a ∈ Gn−1,
and f ∈ H . For any x, y ∈ G with xy−1 ∈ V , it follows that
hn(ci,a(x))hn(ci,a(y))
−1 = hn
(
ci,a(x)ci,a(y)
−1
)
= hn
(
ci,(e,...,e)
(
xy−1
))
∈ N(V, δ)
and therefore |f(hn(ci,a(x)))−f(hn(ci,a(y)))| ≤ ε. This proves our claim and hence
shows that [H ] belongs to RUEB(G). 
Next we give the central argument for the proof of Theorem 1.1.
Lemma 4.4. Let G be a topological group. Suppose that (ni, µi)i∈I is a net in
(N \ {0})× PrB(G) such that ni →∞ and
∀H ∈ RUEB(G)∀g ∈ G : supf∈H |Eµi(f)− Eµi(f ◦ λg)| · ni → 0.
Then
(
(hni)∗
(
µ⊗nii
))
i∈I
converges to invariance in the UEB topology (over L0(G)).
Proof. For each i ∈ I, consider the push-forward νi := (hni)∗
(
µ⊗nii
)
∈ PrB(L0(G)).
Let H ∈ RUEB(L0(G)), g ∈ L0(G) and ε > 0. Since H ∈ RUEB(L0(G)), there
exists U ∈ U (L0(G)) such that ‖f − (f ◦ λu)‖∞ ≤
ε
2 for all f ∈ H and u ∈ U . By
Lemma 4.1, there exist a finite subset E ⊆ G and m ∈ N such that
∀n ∈ N, n ≥ m : g ∈ Uhn(E
n).
Without loss of generality, suppose that e ∈ E. By Lemma 4.3 and our assumptions,
there exists i0 ∈ I such that, for all i ∈ I with i ≥ i0, we have ni ≥ m and
∀s ∈ E : supf∈[H] |Eµi(f)− Eµi(f ◦ λs)| ≤
ε
2ni
. (∗)
We claim that
∀i ∈ I, i ≥ i0 : supf∈H |Eνi(f)− Eνi (f ◦ λg)| ≤ ε. (∗∗)
So, let i ∈ I with i ≥ i0. Since ni ≥ m, we find g′ ∈ Eni such that g = Uhni(g
′).
For each j ∈ {1, . . . , ni}, let
aj :=
(
g′1, . . . , g
′
j, e, . . . , e
)
∈ Eni , bj :=
(
g′1, . . . , g
′
j−1, e, . . . , e
)
∈ Eni−1.
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Also, let a0 := (e, . . . , e) ∈ Eni . For any j ∈ {1, . . . , ni} and z ∈ Gni−1, we observe
that λaj ◦cj,z = cj,bjz ◦λg′j and λaj−1 ◦cj,z = cj,bjz. Combined with (∗) and Fubini’s
theorem, this implies that∣∣Eνi(f ◦ λhni (aj−1))− Eνi(f ◦ λhni (aj))∣∣
=
∣∣∣∣
∫ (
f ◦ λhni (aj−1)
)
−
(
f ◦ λhni (aj)
)
dνi
∣∣∣∣
=
∣∣∣∣
∫ (
f ◦ hni ◦ λaj−1
)
−
(
f ◦ hni ◦ λaj
)
dµ⊗nii
∣∣∣∣
=
∣∣∣∣
∫
Eµi
(
f ◦ hni ◦ λaj−1 ◦ cj,z
)
− Eµi
(
f ◦ hni ◦ λaj ◦ cj,z
)
dµ
⊗(ni−1)
i (z)
∣∣∣∣
=
∣∣∣∣
∫
Eµi
(
f ◦ hni ◦ cj,bjz
)
− Eµi
(
f ◦ hni ◦ cj,bjz ◦ λg′j
)
dµ
⊗(ni−1)
i (z)
∣∣∣∣
≤
∫ ∣∣∣Eµi(f ◦ hni ◦ cj,bjz)− Eµi(f ◦ hni ◦ cj,bjz ◦ λg′j
)∣∣∣ dµ⊗(ni−1)i (z)
≤
∫
ε
2ni
dµ
⊗(ni−1)
i (z) =
ε
2ni
for all j ∈ {1, . . . , ni} and f ∈ H . We conclude that, for all f ∈ H ,∣∣Eνi(f)− Eνi(f ◦ λhni (g′))∣∣
≤
∣∣Eνi(f)− Eνi(f ◦ λhni (a1))∣∣+ . . .+ ∣∣Eνi(f ◦ λhni (ani−1))− Eνi(f ◦ λhni (g′))∣∣
≤ ε2ni + . . .+
ε
2ni
= ε2 ,
and therefore
|Eνi (f)−Eνi(f ◦ λg)|
≤
∣∣Eνi(f)− Eνi(f ◦ λhni (g′))∣∣+ ∣∣Eνi(f ◦ λhni (g′))− Eνi(f ◦ λg)∣∣
≤ ε2 +
∥∥(f ◦ λhni (g′))− (f ◦ λg)∥∥∞
= ε2 +
∥∥f − (f ◦ λghni (g′)−1)∥∥∞ ≤ ε,
which proves (∗∗) and hence completes the argument. 
Now everything is prepared to prove the main result.
Proof of Theorem 1.1. The implications (4)=⇒(3)=⇒(2) are trivial.
(1)=⇒(4). According to Theorem 2.1, for all n ∈ N, n ≥ 1, ε > 0, H ∈ RUEB(G)
and finite E ⊆ G, there exists µ ∈ Prfin(G) such that
∀g ∈ E : supf∈H |Eµ(f)− Eµ(f ◦ λg)| ≤
ε
n .
Thus, we can choose a net (ni, µi)i∈I in (N \ {0})× Prfin(G) so that ni →∞ and
∀H ∈ RUEB(G)∀g ∈ G : supf∈H |Eµi(f)− Eµi(f ◦ λg)| · ni → 0.
For each i ∈ I, let us consider νi := (hni)∗
(
µ⊗nii
)
∈ Prfin(L0(G)). By Lemma 4.4,
the net (νi)i∈I converges to invariance in the UEB topology.
We will apply Theorem 3.9 to the net (νi)i∈I . So, we need to argue that (νi)i∈I
concentrates in L0(G). For each i ∈ I, denote by Si the (finite) support of µi and
consider the discrete probability space (Si, µi). By Example 3.3, the net
(YSi,νi,ni)i∈I =
(
Snii , µ
⊗ni
i , dni
)
i∈I
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concentrates. In view of Remark 3.5, it therefore suffices to show that the family
(hni)i∈I is uniformly equicontinuous. For this purpose, let U ∈ Uo(G) and ε > 0.
For all i ∈ I and x, y ∈ Snii , we have
λ
({
t ∈ [0, 1]
∣∣hni(x)(t)hni (y)(t)−1 /∈ U}) ≤ λ({t ∈ [0, 1] | hni(x)(t) 6= hni(y)(t)})
=
|{j ∈ {1, . . . , ni} | xj 6= yj}|
ni
= dni(x, y),
and thus
dni(x, y) < ε =⇒ hni(x)hni (x)
−1 ∈ N(U, ε).
Hence, (νi)i∈I concentrates in L
0(G) by Remark 3.5, and so L0(G) is whirly amen-
able by Theorem 3.9.
(2)=⇒(1). Consider the operator Φ: RUCb(G)→ RUCb(L
0(G)) given by
Φ(f)(h) :=
∫
[0,1]
f(h(x)) dλ(x) (f ∈ RUCb(G), h ∈ L
0(G)).
We first check that Φ is well defined. Let f ∈ RUCb(G). For every h ∈ L0(G),
the function f ◦ h : [0, 1]→ R is bounded and µ-measurable, whence the expression
Φ(f)(h) is well defined. Moreover,
sup
h∈L0(G)
|Φ(f)(h)| = ‖f‖∞
and so Φ(f) ∈ ℓ∞(L0(G)). To see that Φ(f) belongs to RUCb(L0(G)), let ε > 0.
Since f ∈ RUCb(G), there exists U ∈ Uo(G) such that ‖f − (f ◦ λg)‖∞ ≤ ε/2 for
all g ∈ U . Consider
ε′ :=
ε
2‖f‖∞ + 1
.
Then V := N(U, ε′) is an identity neighborhood in L0(G). Now, if h0, h1 ∈ L
0(G)
and h0h
−1
1 ∈ V , then µ(A) ≤ ε
′ for A := {x ∈ [0, 1] | h0(x)h1(x)
−1 /∈ U}, and so
|Φ(f)(h0)− Φ(f)(h1)|
≤
∫
A
|f(h0(x)) − f(h1(x))| dλ(x) +
∫
[0,1]\A
|f(h0(x)) − f(h1(x))| dλ(x)
≤ 2‖f‖∞ε
′ +
ε
2
≤ ε.
This shows that Φ(f) ∈ RUCb(L0(G)). So, Φ is a well defined mapping. It is
straightforward to check that Φ is linear, Φ(1G) = 1L0(G), and Φ(f0) ≤ Φ(f1) for
all f0, f1 ∈ RUCb(G) with f0 ≤ f1. Also, if f ∈ RUCb(G) and g ∈ G, then
Φ(f ◦ λg)(h) =
∫
[0,1]
f(gh(x)) dλ(x) =
∫
[0,1]
f(h1(g)(x)h(x)) dλ(x)
= Φ(f)(h1(g)h) = (Φ(f) ◦ λh1(g))(h)
for all h ∈ L0(G), that is, Φ(f ◦ λg) = Φ(f) ◦ λh1(g). Now, assuming that L
0(G) is
amenable and considering a left-invariant mean µ on RUCb(L
0(G)), we deduce from
the properties above that µ ◦Φ: RUCb(G)→ R is a left-invariant mean, whence G
is amenable. This completes the proof. 
We conclude this note with a question about the concentration of invariant
means.
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Question 4.5. Let (Gn)n∈N be a sequence of amenable topological groups. Then
there are invariant means, ϕn, on each product
∏n
i=1Gi, that is, invariant regu-
lar Borel probability measures on the Samuel compactifications (greatest ambits)
S (
∏n
i=1Gi). These measures are not, in general, the product measures. Assume for
simplicity that (Gi)i∈N are Polish, and equip the products
∏n
i=1Gi with the (right-
invariant) normalized Hamming (ℓ1-type sum) distance. Do the means (ϕn)n∈N
concentrate, in the sense that for every sequence of bounded 1-Lipschitz functions
fn on
∏n
i=1Gi, one has
ϕn
(
(fn − ϕn(fn))
2
)
→ 0 ?
It looks likely that this can be proved using the results of [ST16] in combination
with the martingale technique as in [MS86].
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